In this paper, we propose a homogenization technique to model the axially laminated rotor of synchronous reluctance machines. Thus, the computational effort can be significantly reduced by replacing the laminated parts of the rotor by some equivalent anisotropic media. The proposed method is validated in terms of flux density and electromagnetic torque. Some small discrepancies can be noticed due to the air-gap fluctuations caused by the steel sheets and the interlaminar insulation sheets of the rotor. With the test machine, the homogenization method reduces by the number of elements to one-fourth and the computation time to one-third.
I. INTRODUCTION
A XIALLY laminated synchronous reluctance machines have received growing interest in recent years [1] , [2] . Due to their inherent simplicity and low cost, these machines are viable candidates for various general applications with adjustable speed. With axially laminated rotors, sychronous reluctance machines increase the electromagnetic torque by raising their saliency ratio [1] , [2] . Moreover, their quite smooth rotor decreases significantly air friction losses that are of great significance for high-speed applications [3] , [4] . The construction of the axially laminated rotor consists of assembling a stack of steel laminations with interlaminar insulation sheets in order to enhance the saliency ratio with differing reluctances on direct and quadrature axes. Nonmagnetic bolts and pole holders are mounted to fix the laminations. The stack of steel laminations can be composed of nonoriented steel or grain-oriented steel. With grain-oriented laminations, the efficiency is slightly higher but the core losses in stator and rotor also increase [5] .
The calculation of magnetic quantities such as the electromagnetic torque can be performed with the analytical models [1] , [6] or the numerical methods [1] , [5] , [7] . The finite-element method is generally applied when a high degree of accuracy is needed, but it requires a detailed characterization of the geometry [6] , [7] . Every steel lamination and interlaminar insulation sheet are discretized into finite elements. When the lamination thickness is small compared with the rotor radius, the computational effort is huge because the rotor geometry discretization contains a high number of nodes and elements.
In this paper, we propose to reduce the computational effort and time by modeling the axially laminated rotor parts with a homogenization technique, so that a coarser mesh can be used to discretize the axial laminations. Usually, homogenization methods are applied on the stator windings [8] iron stacks [9] - [12] . Thus, the homogenization technique involves both magnetic and electric properties of the different materials. In case the thickness of the axial laminations is lower than twice the smallest skin depth, the eddy current flowing in these laminations can be neglected [13] , and so the axially laminated parts can be homogenized only in terms of magnetic properties. In this paper, the homogenization technique of the axially laminated parts is first detailed, and then the finite-element method is briefly described. Finally, the homogenization method is validated in terms of air-gap flux density components and electromagnetic torque by comparing computations for models of fully laminated rotor parts and homogenized rotor parts.
II. METHOD OF ANALYSIS A. Homogenization Technique
The stack of steel sheets with interlaminar insulation sheets is homogenized, and the constitutive relation between magnetic quantities is derived. This stack of laminations can be homogenized with an anisotropic medium (Fig. 1). 0018-9464 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Its equivalent reluctivity can be calculated by considering a serial and a parallel association of both the steel sheets and the insulation sheets, respectively, for the lamination direction u and the orthogonal direction v of the lamination [12] . The magnetic field components, h u and h u , in the homogeneous medium can be computed by
where b u and b v are the components of the magnetic flux density in the lamination coordinate system, ν i is the reluctivity of the steel sheet with the reluctivity of the interlaminar insulation sheets considered as the reluctivity of vacuum ν 0 , and α is the ratio of steel laminations in the stack.
B. Finite-Element Method
The cross section S of the axially laminated synchronous reluctance machine is discretized into the second-order trianglular elements, and the magnetostatic problem is formulated in terms of the magnetic vector potential A. Within the considered 2-D geometry, the axial component of the magnetic vector potential A is governed by the partial differential equation, which is given by
where ν is the reluctivity depending on both the considered region and the components of the magnetic flux density, J is the current density source in the conductors, and e z the unit vector in the z direction. This equation is solved with Galerkin's method by minimizing the energy functional F given by [14] 
where B and H are the magnetic flux density and the magnetic field, respectively. Since iron-based regions are nonlinear, this energy functional is also nonlinear and its minimization requires an iterative process. The estimated magnetic vector potential A k is updated after each k iteration with the Newton-Raphson method. Its expression is given by
where the residual vector R and the Jacobian matrix P are composed of the terms given by
with N i the shape function of the finite-element method, and i and j are node numbers. Except for homogenized region, every material is considered isotropic, so the incremental reluctivity tensor ∂H/∂B is a diagonal matrix. Within the homogenous anisotropic media, the magnetic field components h u and h v are expressed in the lamination coordinate system (O, u, v) . In order to implement the homogenized model, we should express these magnetic field components in the global coordinate system (O, x, y). Since the homogeneous media are located in the rotor, the relation between the lamination direction u and the x axis depends on the angular position of the rotor. Moreover, in case the lamination sheets are bended, the lamination direction can be considered as the tangent of the curved lamination, and this relation also depends on the coordinate of the integration points (Fig. 2) . Thus, we can calculate h x and h y by rotating the magnetic field components h u and h v
where θ is the angle between the x axis and the lamination direction u. The incremental reluctivity tensor is calculated with a similar manner by ⎡
The Newton-Raphson method converges if the incremental reluctivity tensor is positive definite.
C. Torque Calculation
With constant flux , i.e., constant magnetic vector potential, the electromagnetic torque emg can be determined by differentiating the magnetic energy W mag with respect to the rotor displacement φ by
With a similar method described in [15] and [16] , the electromagnetic torque is computed in the air gap with the method of virtual displacement with constant magnetic vector potential where L is the active length of the machine, N ag is the number of elements in the air-gap layer, G is the Jacobian matrix of the transformation from (x, y) coordinate to (ξ, η) coordinate of the reference triangle, |G| is its determinant, and S e is the surface of the reference triangular element.G is defined for isoparametric transformation bỹ
where N p is the number of nodes in the trianglular element (N p = 6 for the second-order triangles).
The differentiations ∂G/∂φ are calculated by
The differentiation of the determinant of the Jacobian with respect to the virtual displacement can easily be computed with the terms of G and ∂G/∂φ. If all the nodes of one element are virtually moving from the same angle, the terms of ∂G/∂φ and ∂|G|/∂φ become nil; hence, only the elements that contain at least one moving node and not all of them can be considered to compute the electromagnetic torque. This means that only distorted elements from the air gap are needed in this computation. In our models, these elements are confined within a predefined layer located in the middle of the air gap.
III. RESULTS AND DISCUSSION
In order to validate the proposed method, an axially laminated synchronous reluctance machine is analyzed by modeling both a fully laminated rotor and a homogenized anisotropic rotor with the same mesh for different load angles and the same current density. The machine is meshed with 40 888 second-order triangles and 81 802 nodes, among which 37 435 nodes are in the rotor. The main parameters of the test machine are reported in Table I .
A. Magnetic Flux Density
In Figs. 3-5 , we can notice that the flux lines follow the same direction in both models. The amplitude of the flux density in the homogenized rotor is equal to the average flux density in the steel sheets and the interlaminar insulation sheets. Moreover, the amplitude of the magnetic flux density presents similar values in the stator. Besides the fact that the flux line and the average flux density are the same, in Fig. 4 , the anisotropy effect can be appreciated in the behavior of the magnetic flux. In Fig. 5 , the stator windings produces flux in the transverse direction of the rotor stack that heavily reduces the total flux in the machine. Results of homogenized and nonhomogenized models are very similar.
In Figs. 6-8 , we can notice that the components of the magnetic flux density in the middle of the air gap are similar with the homogeneous rotor and the axially laminated rotor. However, the air-gap flux density computed with the fully modeled laminations presents some small additional fluctuations. They are caused by the magnetic air-gap variations due to the alternation of the steel sheets and the insulation sheets. Since the homogenization technique does not consider this phenomenon, the air-gap flux density does not include these small fluctuations in this case. In Fig. 9 , we can perceive that, for 45°of load angle, the circumferential components of magnetic flux density presents some higher difference (29.6%) than the radial component (19.2%).
In Fig. 7 , increasing the load angle causes a decrease of the air-gap flux density, which is correctly modeled by both the homogenized and the full model. In Fig. 8 , the flux practically does not flow as it has to go along the lowest reluctivity direction corresponding to the transverse lamination. Again the homogenized model correctly takes this effect into account.
B. Electromagnetic Torque
The electromagnetic torque was computed in the air gap of the axially laminated synchronous reluctance machine for different rotor positions, from −90°to 90°by step of 5°. With the method of virtual displacement described in Section II-C, it is important that the virtually moving elements remain the same for any rotor position, so the torque is computed in an annulus layer of the air gap [16] . In Fig. 10 , we can notice that the electromagnetic torque presents the well-known torque sinusoidal dependance on the load angle. Moreover, the rotor with fully modeled laminations and the homogeneous rotor with the same mesh and a coarse mesh present similar torque computations, regardless of the fact that the coarse mesh presents one-fourth of elements. Furthermore, the difference in the torque computation between homogenized and nonhomogenized models is only 8.02% at its maximum. These discrepancies are mainly caused by the magnetic air-gap fluctuations due to the alternation of the steel sheets and the interlaminar insulation sheets that were neglected in the homogenized medium.
In Table II , the accuracy and computation time of the torque computation are compared for the rotor with fully modeled laminations and for the homogeneous rotor with the same mesh and a coarse mesh. With the same mesh, the computation time with the homogeneous rotor is slightly larger than with the fully modeled laminations. This can be explained because more elements are nonlinear in the homogenized rotor compared with the fully modeled laminations composed of interlaminar insulation sheets that are linear. However, since the homogeneous rotor can be discretized with a coarse mesh, the number of elements can be reduced to one-fourth, and the computation time can be reduced to one-third. Moreover, the accuracy of the torque computation remains similar with a coarse mesh and with the fully laminated mesh. Thus, most of the discrepancies arise from the neglected magnetic air-gap fluctuations due to the alternation of the steel sheets and the interlaminar insulation sheets. Fig. 11 . Electromagnetic torque for different steel ratios α in the stack at the same rotor position of 45°. The maximum torque is reached with α = 0.6. For this ratio, the relative error between homogenized and nonhomogenized computation is 7.93%. However, the relative error increases for lower steel ratio until 27.4% that is reached for α = 0.2.
These magnetic air-gap fluctuations are mainly depending on the steel ratio α of the lamination stack. Fig. 11 shows the impact of this ratio on the electromagnetic torque for a load angle of 45°. First, we can notice that the maximum electromagnetic torque is reached for 60% of steel in the lamination stack. With this ratio, the relative error between homogenized and nonhomogenized computation is 7.93% only. When the steel ratio is either 0 or 1, the electromagnetic torque should be nil since the smooth rotor would be composed of exclusively interlaminar insulating material or steel, respectively. In those cases, the inductance in the direct axis would be equal to the inductance in the quadratic axis, resulting in a nil reluctance torque. Finally, we can perceive that the torque discrepancies (27.4%) between homogenized and nonhomogenized computation are maximum with a steel ratio of 20%. Even if this relative error is quite small, it would be reasonable to keep the steel ratio near 50% since the design of an axially laminated synchronous rotor aims to increase the ratio between the quadratic and the direct inductances.
IV. CONCLUSION
In this paper, we proposed a homogenization technique for an axially laminated rotor of a synchronous reluctance machine. The axially laminated rotor is represented by an equivalent anisotropic medium in order to ease the computational effort. The proposed method was validated by comparing the flux density and the electromagnetic torque computed with laminated and homogeneous rotors. Even if some small discrepancies were noticed due to the alternation of the steel sheets and the interlaminar insulation sheets, the components of the flux density and the electromagnetic torque can be accurately predicted with the homogenization method. Moreover, the computation time can be reduced to one third with the test machine when the homogeneous parts of the rotor are discretized with a coarse mesh.
In the future work, the homogenization technique will be improved by considering the magnetic air-gap fluctuations due to the alternation of the steel sheets and the interlaminar insulation sheets. These fluctuations could be considered by modulating the components of the magnetic flux density in the air gap by a relative air-gap permeance. Moreover, the homogeneous model will be included in an optimization process for design purpose.
